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Abstract—The Voronoi diagram has been investigated intensively throughout the last decades. This has been done not only
in the context of Euclidean geometry but also in curved spaces.
Except for [KWR97] these methods typically make use of some
fast marching cube algorithms. In this work we will focus on the
computation of Voronoi diagrams including Voronoi objects that
are contained in a Riemannian manifold M . Further, we assume
throughout this paper that M has a differentiable structure
consisting of smooth parametrisation functions fi , i ∈ I. This
is the reason why the approach presented in this work differs
from the aforementioned algorithms. More accurate algorithms
can be obtained by using to some medial equations that heavily
involve normal coordinates. This approach relies on the precise
computation of shortest joins of any two given points , q ∈ M .
For these computations we did not apply shooting methods or
related methods. Instead, we used a new perturbation method
that operates on a family of deformed manifolds Mt , assuming
that M0 has constant sectional curvature. To reduce time and
space complexity of the introduced algorithm we suggest to
use a randomised incremental construction scheme (RICS). Our
approach assumes that those points fulfil a general position
requirement for computing the geodesic Voronoi diagram for a
set of points. Finally results of some computed Voronoi diagrams
will be presented.

I. I NTRODUCTION
We assume that we have been given a complete Riemannian
manifold M , which means that every two distinct points p
and q in M can be joined by a length minimal arc length
parametrised and smooth curve. This length can be regarded
as the distance d(p, q) of the points p and q. It can be shown
that (M, d) is a metric space. Let S = {p1 , · · · , pn } ∈ M
be the set of sites. Every site pi can be related to its Voronoi
region V R(pi , S) containing all points p that are closer to pi
than to any other site pj , j 6= i.
The main innovative contribution of this paper is the introduction of local methods that for the first time make the
precise computation of Voronoi diagrams of discrete point sets
in 3-dimensional manifolds feasible in case the points fulfil a
general position assumption and in case every Voronoi region
is contained in a geodesically convex set. This means that any
two distinct points can be joined by a unique geodesic being
contained in the convex set.
The natural distance function d that makes M a metric space
is essential for this definition of Voronoi regions. The Voronoi

diagram that is defined to be the complement of these regions
thus consists of faces, edges and vertices under some regularity
assumptions. Each vertex c corresponds to a circumsphere
S(c, r) being similarly defined as for the classical Euclidean
Voronoi diagrams. The circumsphere condition says that the
open ball B(c, r) := {p ∈ M ; d(c, p) < r} shall not contain
any site pi for all i = 1, · · · , n.
The randomised incremental construction scheme tries to
compute the Voronoi diagram inside a symbolic sphere S ⊂ M
containing all relevant features of the Voronoi diagram. S can
be seen as the bisector of every point pi and the additional
site ∞. Therefore, the RICS begins with five sites R =
{p, q, r, s, ∞} and introduces the remaining sites u ∈ S \ R
step by step. It uses a history graph and a directed acyclic
graph for its implementation. To reduce time complexity it
only computes the skeleton of the updated Voronoi diagram in
every step. The update of the skeleton leads to an intersection
problem of the old Voronoi edges and the new Voronoi region
V R(u, R∪{u}), where R represents the sites that have already
been introduced and u the site that is introduced next.
One main goal of this work is to introduce an algorithm that
finds an initial vertex of the sites p, q, r, s for which we use
different concepts. It will be assumed that every vertex of the
Voronoi diagram V (R), for R ⊂ S, lies on the intersection
curve of two bisectors B1 , B2 . We will sketch an idea of how
to parametrise these intersection curves assuming we have an
initial point x of this curve. The construction of x therefore
will represent the main difficulty for the construction of the
initial vertex.
The geodesic polar coordinates can be seen as a natural
generalisation of the Euclidean polar coordinates. These polar
coordinates involve the geodesic differential equations being
a classical instrument of Riemannian geometry. As long as
the sphere S is a convex neighbourhood of the sites S, it
can be assured that the geodesic polar coordinates of a site
provide a reparametrisation of M inside S. Under some more
assumption we can assure that the geodesic Voronoi diagram
has the same topological properties as the Euclidean Voronoi
diagram. This will be the fundamental assumption of this
work.

II. BASICS OF D IFFERENTIAL G EOMETRY AND VORONOI
D IAGRAMS
Voronoi diagrams have been the focus of many researchers
during the last decades and they gained much in importance in
areas like theoretical physics, Geoinformation systems (GIS),
medicine, mechanical engineering and so on. This list can be
heavily extended but there is no intention to note all of them.
The definition of the Voronoi diagram, that is sometimes
called the metric fundamental polygon, is rather simple. Think
of a metric space (M, d) and some sites

There is an advantage to concentrate only on this simple case
because it yields an easier implementation of the randomised
incremental construction scheme. Yet the algorithm involves
the determination of the shortest joins of two points p and
q on the hypersurface. In case the underlying manifold can
be parametrised by one parametrisation function (or implicit
function) we were able to derive an efficient algorithm for the
shortest path problem using some very simple perturbation
arguments as described later on. We also made computations
on manifolds for which there exists a radius function

S = {p1 , . . . , pn } ⊂ M.

r : S3 → R≥0

(1)

We are mainly interested in the situation where M is a
complete Riemannian manifold and the sites only represent
points. However the following approach does not need this
specialised situation.
Definition 1: Given two sites p, q ∈ M , the bisector
B(p, q) consists of all points x ∈ M that have the same
distance to p as to q, i.e.
B(p, q) = {x ∈ M |d(p, x) = d(q, x)}.

(2)

In addition the metric d makes it possible to define half spaces
as in the Euclidean case.
Definition 2: Let p, q ∈ M . D(p, q) is the set of all points
that are closer to p than to q:
D(p, q) = {x ∈ M |d(p, x) < d(q, x)}

(3)

A analogue characterisation can be made for q:
D(q, p) = {x ∈ M |d(p, x) > d(q, x)}

(4)

Now it is possible to declare Voronoi regions and the Voronoi
Diagram:
Definition 3:
\
V R(p, S) =
D(p, q)
(5)
q∈S\{p}

is called Voronoi region of p with respect to S. Furthermore
[
V (S) =
∂V R(p, S)
(6)
p∈S

is titled Voronoi diagram of the reference set S.
The geometry of Euclidean Voronoi diagrams has been
investigated for ages and it is known that the Voronoi regions
are convex having polygonal boundaries. In fact not all metrics
d give rise to meaningful Voronoi diagrams but luckily there
are only few of them. The Manhattan metric for example
causes bisectors that may look strange in case the site p and
q are diagonal vertices of a square.
Now and in the following M is a complete Riemannian
manifold with induced metric d. Later on we will specialise
to manifolds that are hypersurfaces M ⊂ Rn+1 . A graph
manifold M for example is characterised by the fact that for
the description of M only one smooth height function h is
required:
M = {(x1 , . . . , x4 ) ∈ R4 |x4 = h(x1 , x2 , x3 )}.

(7)

(8)

such that every point p ∈ M has the Cartesian coordinates
p = r(y)y,
where y denotes the local parametrisation of the sphere S3 .
The first fundamental tensor (gij ) that measures for example
the length of curves on such hypersurfaces has diagonal form,
if the standard spherical coordinates are used.
There are some important properties of geodesic Voronoi
diagrams that need to be mentioned. Useful is the following
definition of convex sets.
Definition 4: A set C ⊂ M is called strong convex if and
only if for every two points p, q ∈ C every shortest geodesic
between p and q belongs to C. We say that C is weakly
convex if there exists at least one shortest geodesic joining p
and q that completely lies in C.
Note that singletons are always strongly convex. The generalisation of star shaped sets is important for some properties of
Voronoi regions.
Definition 5: A set C ⊂ M is called strongly star shaped
if and only if there exists a centre point p ∈ C such that for
every point q ∈ C every shortest geodesic between p and q
belongs to C. C is weakly star shaped if for every q ∈ C
there is at least one shortest geodesic between p and q that
lies in C.
This yields the following
Theorem 1: Consider a complete and connected Riemannian manifold M with intrinsic distance function d. Every
Voronoi region V R(p, S) is strong star shaped with centre p.
Proof: Let x ∈ V R(p, S). Assume there is a shortest
geodesic γ : [0, s] → M with γ(0) = p and γ(s) = x and
y = γ(t) 6∈ V R(p, S). This means that y belongs to a Voronoi
region of another point q ∈ S or to the bisector B(p, q). In
either cases we have d(p, y) ≥ d(q, y). As a result
d(p, x)

= d(p, y) + d(y, x)
≥ d(q, y) + d(y, x)
≥ d(q, x).

This is contradictory to the assumption that x belongs to the
Voronoi region V R(p, S). Thus, the proof is complete.
A direct consequence of this theorem is the next
Corollary 1: Let M a complete and connected Riemannian
manifold and d the Riemannian distance function. Every
Voronoi region is connected.

Theorem 2: Let (M, d) a metric space and S the set of
sites. Then every Voronoi region V R(pi , S) is open and V (S)
is closed.
Proof: It suffices to show that every half space D(p, q) for
distinct p and q is open. Let x ∈ D(p, q). From the definition
of the half space we get d(p, x) < d(q, x). Assume that for
every r > 0 there exists an yr ∈ Br (x) with larger distance to
p than to q. Consider the sequence rn = 1/n. Conclude that
d(p, yrn )

≥

d(x, yrn ) →

d(q, yrn ),
0.

(9)
(10)

Taking the limits it turns out that x did not belong to the half
space D(p, q) since d(p, x) ≥ d(q, x) as a direct consequence
from (9) and (10). V (S) is the complement of the open set
n
[

V R(pi , S)

i=1

and thus closed.
The construction of the geodesic Voronoi diagram may be
very time-consuming and it is not a priori clear, if there is
an affinity between the Euclidean Voronoi diagram and the
geodesic Voronoi diagram. Let for example M be a twodimensional Monge surface. Even if the induced metric dM is
equivalent to the Euclidean metric d2 , i.e.
kd2 (x, y) ≤ dM (x, y) ≤ Kd2 (x, y)

(11)

for 0 < k ≤ K, then there is no guarantee that even the
bisector of two points is homeomorphic to a line.
Definition 6: Let S, M be Riemannian manifolds such that
S is a submanifold of M . S is called totally geodesic, if every
geodesic in S is a geodesic in M . In other words, the second
fundamental form of S is zero.
Beem showed the following result for Pseudo-Riemannian
manifolds (cf. [Bee75]):
Theorem 3: Let M be a Pseudo-Riemannian manifold and
p, q points with nonzero distance. B(p, q) is a totally geodesic
submanifold if and only if M has constant curvature.
This means that under the circumstance dim(M ) = 2 and
constant Gaussian curvature K every bisector is a geodesic.
In fact, these cases are only of minor interest in the context
of computational geometry. Nevertheless, it is an interesting
result that we have a sufficient and necessary condition for
bisectors being totally geodesic submanifolds. A nice classification of bisectors in a clearly arranged situation was done
by Wolter (cf. [Wol85]).
The distance function mentioned several times before requires a few more explanations. It follows the concept of
geodesics in a straight way which is often used in Riemannian
geometry.
Definition 7: Let I be an interval and γ : [a, b] → M a
differentiable curve. γ is called a geodesic, if the covariant
derivative of the tangent γ̇ vanishes everywhere, i.e.
D
γ̇(s) = 0.
ds

(12)

Every sufficiently small sub arc of a geodesic yields a shortest
path of the corresponding end points. The covariant derivative
generalises the concepts of directional derivatives from classical analysis guaranteeing the derivatives of vector fields is
defined with respect to the Riemannian structure only, and
therefore being independent of some special local coordinates. In case the Riemannian manifold is embedded into the
Euclidean space the covariant derivative can be obtained by
projection of the classical derivative onto the corresponding
tangent plane (space). For more details we refer to [doC92].
It is similar to the directional derivative, however it involves a
projection onto tangent spaces. It is known from the theorem
of Hopf and Rinow that in complete Riemannian manifolds
every two distinct points p and q can be joined by a distance
minimal curve that is a geodesic. The uniqueness of such a
geodesic is never guaranteed except for the case M is simply
connected nad has non positive sectional curvature. Employing
some local parametrisation f of M , the equations
f ((x1 (s), . . . , xn (s)) = γ(s)

(13)

must hold with xk fulfilling the geodesic equations
ẍk (s) + Γkij ẋi (s)ẋj (s) = 0.

(14)

A geodesic is completely determined by the initial point and
the initial direction because the geodesic equations build up a
linear system of ordinary differential equations of order two.
The offset function Op of a point p ∈ M can now be
derived from the above notion of geodesics. Assume we have
an orthonormal basis {e1 , . . . , en } of the tangent space Tp M
of the point p. Let s ≥ 0 and v ∈ Sn−1 . There is a unique
geodesic γ with initial conditions
γ(0, v)

= p,
n
X
γ̇(0, v) =
vi ei .

(15)
(16)

i=1

The offset function is then implicitly defined by
f (Op (s, v)) = γ(s, v),

(17)

where γ is the geodesic defined by the initial conditions
from (15) and (16). The coordinates (s, v1 , · · · , vn−1 ) are
sometimes called normal coordinates of γ(s, v) with respect
to the point p. The exponential map can now be defined as
follows. Let v ∈ Tp M and γ : [0, 1] → M a geodesic with
γ(0) = p and γ̇(0) = v, then expp (v) = γ(1). exp operates
on the tangent space Tp M without further restrictions in case
M is complete.
Finally a note on medial equations is given and in addition
a extended definition of offset functions not only for points
but also for curves or in general topological submanifolds.
Definition 8: Let A and B be two progenitor objects,
A, B ⊂ M with locally defined offset functions OA (s, tA )
and OB (s, tB ). Let b : U → R a function and σA , σB = ±1.
Define the system function
F (s, tA , tb ) = OA (σA s, tA ) − OB (σB b(tA )s, tB )

(18)

The zeros of F are called local medial set and the system
F = 0 medial equations.

in w0 , the implicit function theorem states that there exist an
 > 0 and a function ρ : [0, ] → R4 such that

III. T HE S HORTEST D ISTANCE P ROBLEM

F (ρ(τ )) = 0.

Let p = f (xp ), q = f (xq ) ∈ M . Our goal is to find s0 and
v0 ∈ Sn−1 such that

Thus, after implicit differentiation with respect to τ and
normalisation we obtain the system

Op (s0 , v0 ) = xq .

DF |ρ(τ ) · ρ0 (t)

(19)

=

0,

(22)

hρ (τ ), ρ (τ )i =

1.

(23)

0

holds. This automatically leads to a boundary value problem
for which several solution techniques have been established.
The shooting method is a famous representative of this group
of methods, but in fact, it lacks a systematic way of finding the
solution, since it often uses Newton methods and generalised
bisecting techniques for the computation of the solutions.
Recall that M is a graph manifold of dimension three and
Op is the offset function of the point p. Consider the family
of graph manifolds
Mt = {(x1 , . . . , x4 ), x4 = t · h(x1 , x2 , x3 )}

t ∈ [0, 1]. (20)

Every Mt is a graph manifold and the set M1 corresponds
to the original manifold M .
Up to now we have only considered the offset function of
a point being contained on a three-dimensional manifold M .
The definition of the offset function can be extended to the
family of manifolds Mt with respect to a parameter point xp ∈
R3 . Three parameters will be required for the definition: the
paramter s that corresponds to the run length parameter of the
geodesic, an initial direction v and the time parameter t. Since
we refer to a family of manifolds it must be specified to which
of these manifolds we will refer. For fixed time parameter t
we obtain two maps given by

Mt
→ R3
πt :
t
p = (xp , th(xp )) 7→ xp
 3
R
→
T tM
P3 p i tt ,
ωt :
v = 7→
i=1 v fi

0

F (0, v) = xp − xq + v finally proves that the implicit function
theorem can in fact be applied. The Jacobi matrix of F is the
crucial factor of our computations. It involves the solution of
the geodesic equations and the Jacobi equations, which build
up an important instrument in classical Riemannian geometry.
We refer to [doC92] for further details. The hardest part of
the computations is the determination of the partial derivative
of Oxp with respect to the time parameter t. In most cases
it is sufficient to approximate them by finite differences. It it
then possible to improve the result for t = 1, employing some
Newton method or related methods.
Figure 1 gives an impression of a trajectory τ → v(τ ) for
two parameter points xp = (1, 2, 3) and xq = (0, 1, −2) with
metric induced by the height function h = x2 + y 2 + sin(z).
We finally get d(p, q) = 5.1962... The unique arc length
parametrised shortest geodesic that joins p and q has initial
direction γ̇(0) = (−0.1900, −0.2398, −0.6850, −0.6612). For
the error we get
kOxp (send , vend ) − xq k ≤ 0.5 · 10−8 ,
which means that the endpoint of the geodesic is very close to
q and the application of the Newton method can reduce this
error even more.

∂
where fit denotes the partial derivative ∂x
f t of the parametrii
sation function


x1


x2
.
f t (x1 , x2 , x3 ) = 


x3
th(x1 , x2 , x3 )

This yields now the following definition of the offset function
f t (Oxp (s, v, t)) = expπ−1 (xp ) (ωt (v)).
t

Note that Oxp (s, v, t) is an implicitly and well defined function. Subject of the next considerations will be the implicit
parametrisation of the zero set of the function defined by
F (t, v) = Oxp (t, 1, v) − xq .

(21)

Straighforward considerations provide that F (w0 ) = 0 in
case w0 = (0, xq − xp ). Now we can reformulate the given
boundary value problem (BVP) as a family of initial value
problems (IVP). If the Jacobian of the function F has full rank

Fig. 1.

Trajectory of the initial direction τ → v(τ )

Note that for the manifolds defined by (8) the homotopy
r(y, t) = t · r(y) + 1 − t

(24)

yields a differentiable deformation of a topological sphere
Mt = {r(y, t)y; y ∈ S3 },
recalling that M0 is the sphere S3 , for which geodesics are
known explicit. y denote the standard spherical coordinates of
a unit sphere. Details will be omitted here, since the definition
of the offset function Oxp and the system function F are
formally the same in both cases.

This can be seen from different reasons. The closure of the
Voronoi region of the point p2 is a compact set for sufficiently
large a, since every point p = (p1 , p2 , p3 ) ∈ Ma with p3 ≥
a(1 + 2 ) is closer to p1 and p3 respectively. To proof this we
build the intersection S of the plane {z = a(1 + 2 )} with
Ma . It is straightforward to see that S is a circle cotaining
both p1 and p3 . The radius of this circle remains constant, in
case a increases. The Riemannian distance from p1 to any of
the points on this circle can be bounded by a number K > 0.
Note that K does not depend on a. The same is true for the
point p3 . The distance from p2 to any of these points can be
bounded from below by a(1 + 2 ), which tends to inifinity,
if a tends to infinity. Thus, the closure of the Voronoi region
must be a comptact set.
We now must show that the Voronoi diagram has two
vertices. Therefore, consider the bisector B(p1 , p3 ) of the sites
p1 and p3 . Simple arguments provide that
B(p1 , p3 ) = {(x, 0, ax2 ); x ∈ R}.

Fig. 2.

Evolution of the deformation of a sphere

IV. D ISTANCE S PHERES , VORONOI E DGES AND
B ISECTORS
Let M a 3-dimensional hypersurface. We present a generalisation of the property of points to be in general position.
Definition 9: Let p1 , . . . , p4 ∈ M be four points. The pi
are said to be in general position if there exists a distance
sphere S(c, r) = {x ∈ M ; d(x, c) = r} with pi ∈ S(c, r) for
all i = 1, . . . , 4.
The question if there could exist more than one distance
sphere containing the four given points is answered by the
next example.
Example 1: Let Ma = {(x, y, z); z = a(x2 + y 2 )} be a
paraboloid and p1 = (1, , a(1 + 2 )), p2 = (0, 0, 0), p3 =
(1, −, a(1+2 )) for a sufficiently small  > 0. The projection
of the Voronoi diagram V (p1 , p2 , p3 ) onto the xy-plane is for
sufficiently large a >> 1 homoeomorph to:

Let f (p) = d(p2 , p)−d(p1 , p), p ∈ B(p1 , p3 ). It can be proven
that f has exactly two zeros. Every point p = (p1 , p2 , p3 )
with p2 > 0 is closer to p1 than to p2 and hence cannot be
a vertex. Similar arguments can be applied for points p2 < 0.
This completes the proof.
The last example showed that it cannot be guaranteed in every
case that a geodesic Voronoi diagram has the same properties
like the corresponding Voronoi diagrams in the Euclidean
case. However, the uniqueness of the distance spheres can
be ensured if for every site the Voronoi region of this site
is properly contained in a convex set.
The computational aspects of finding the centre and the
radius of such spheres should be explained at this stage. The
geometry of these distance spheres may look strange as one
can see by the next figure, displaying a distance sphere in the
parameter space of a 3-dimensional Riemannian manifold.

Fig. 4.

Fig. 3.

Three points with 2 distance spheres

Example of a distance sphere

Assume there exists a normal neighbourhood U ⊂ M of
all the sites p1 , . . . , pn . A normal neighbourhood U of a point

p is characterised by the fact, that the exponential function
expp : exp−1
p (U ) ⊂ Tp M → U
is invertible. We will even more assume that this neighbourhood contains all important features of the unbounded Voronoi
diagram V (S) that is discussed later on.
The main idea of how to find S(c, r) is to trace the curve
B(p1 , p2 , p3 ) = B(p1 , p3 ) ∩ B(p2 , p3 )

(25)

that will correspond to a Voronoi edge in case the distance
sphere S(c, r) does not contain any other point of S =
{p1 , . . . , pn } but p1 , · · · , p4 . This curve meets the centre after
some time if it is tracked in both directions. An initial point
of this curve is therefore required as well.
In order to find this initial point we will focus on the
results of the last section. The unique arc length parametrised
geodesic join s 7→ γ(s, v10 ), s ∈ [0, d(p1 , p3 )] between p1 and
p3 can be obtained with these results. The midpoint of this
curve, namely


d(p1 , p3 ) 0
m=γ
, v1 .
(26)
2

If s 7→ γ(s, v30 ), s ∈ [0, d(p1 , p3 )] denotes the unique arc
length parametrised geodesic from p3 to p1 , which yields the
same orbit like γ however having opposite orientation, it can
easily be seen, that the direction v30 can be obtained from the
direction γ̇(s0 , v10 ) and the orthonormal basis of Tp3 M .
In case of transverse intersection of B(p1 , p3 ) and f (P )
one can presume that there is a sufficiently large  > 0 and a
function δ : [−, ] → R7 such that F (δ(t)) = 0 holds for all
t ∈ [−, ] and in addition δ(0) = (s0 , v10 , v30 ). A closer look
at the system matrix DF yields


Dv1 Op1
−Dv3 Op3
∂s (Op1 − Op3 )


aT ∂s Op1
aT Dv1 Op1
0
.
DF = 


0
2v1T
0
0
0
2v3T

is supposed to be contained in the bisector B(p1 , p3 ). Set s0 =
d(p1 , p3 ). Now suppose the inverse image of B(p1 , p2 , p3 )
with respect to the local parametrisation f intersects with the
unique plane P that contains the points f −1 (m), f −1 (p2 ) and
f −1 (p3 ). This plane is given in implicit representation

In fact for moderate fundamental tensors the constraints for
the arc length parametrisation have no effect on the solution
process or in other words it is decoupled from it. It is required
that the bisectors intersect transversely. This is assumed to be
true in a convex neighbourhood of the sites S.
Definition 10: A convex neighbourhood U of a point p is
an open set U ⊂ M containing p such that for every x, y ∈ U
there exist an unique geodesic joining x and y in U .
Now we have an initial point of the curve B(p1 , p2 , p3 ) and
as stated before it will pass the point B(p1 , p2 , p3 , p4 ). If we
call this curve α, then for every t inside the parameter interval
I of α due to the implicit parametrisation of α, it is important
to know the value d(α(t), p4 ) = ρ(t), or in other words

P : < a, x >= a1 x1 + a2 x2 + a3 x3 = b.

f (Op4 (ρ(t), v4 (t))) = α(t)

(27)

f −1 (p3 )
f −1 (B(p1 , p3 )) ∩ P
P
f −1 (m)
f −1 (S)

f −1 (p2 )

f −1 (B(p1 , p2 , p3 ))

Fig. 5.

Bisector intersection with the plane P

The intersection point S = B(p1 , p2 , p3 ) ∩ P lies on the
intersection curve
B(p1 , p3 ) ∩ P
(28)
for which we already have an initial point (here m). The
system function for the intersection problem is defined as


Op1 (s, v1 ) − Op3 (s, v3 )
 < a, Op1 (s, v1 ) > −b 
.
F (s, v1 , v3 ) = 
(29)


kv1 k2 − 1
kv3 k2 − 1

(30)

must hold as well as kv4 (t)k = 1 for all t ∈ I. Finally for the
determination of the curve α introduce the system function


Op1 (s, v1 ) − Op3 (s, v2 )
Op1 (s, v1 ) − Op3 (s, v3 )


.
kv1 k2 − 1
F (s, v1 , v2 , v3 ) = 
(31)




kv2 k2 − 1
kv3 k2 − 1
The integration of the trajectory t 7→ (s(t), v1 (t), v2 (t), v3 (t))
can be stopped if for the radius function the condition
s(t) = ρ(t) holds. Remark that again the curve α has to
be traced in both directions. It is convenient not to compute
the distances d(p4 , α(t)) in every step of the integration of
the curve B(p1 , p2 , p3 ), since the update of the new distance ρ(t + ∆t) and the new direction v4 (t + ∆t) can be
obtained by implicit differentiation of equation (30), similar
to the integration process for the shortest geodesic connection problem. This part of the integration can be fromulated
seperately but it makes more sense to reformulate the function
F from (31). The local parametrisation of a face B(p, q)
for two sites p, q ∈ S implicitly given by the zero set of
G(s, vp , vq ) = Op (s, vp ) − Oq (s, vq ) can be achieved with
different aproaches. One interesting approach is described
in [EH99] which employs the normal form of an implicit
parametrisation. It involves the second fundamental form of
the implicit surface. We implemented a method that creates a

family of lines corresponding to isoparameters vpi = const
or vqj = const which induces a local mesh of this face.
However, the details are omitted here since it is similar to
the computation of the curves B(p, q, r) for three sites p, q, r.
A. Randomised incremental Construction of Voronoi Diagrams
Of course problems like the computation of the Euclidean
Voronoi diagram are well understood and there exist some
paradigms often used in computer science to treat them. These
are mainly
•
•
•

Divide and Conquer
Incremental Construction
Sweep

In fact, to the authors best knowledge there are no advances
in computing Voronoi diagrams using the sweep algorithms in
case of a metric not being equivalent to the Euclidean metric.
The sweep algorithm needs some explanations, even though
we will not use it. Consider a discrete static geometrical
problem in Rd . We call this problem static since the prerequirements for the computations will not change during the
sweep. The main idea is to transform the static d-dimensional
problem into a dynamical (d − 1)-problem. There are several
algorithms like the sweep line algorithm that treat the static
structure of d-dimensional problems.
We will now focus on the structure of geodesic Voronoi
diagrams for which we now that all sites are contained in
a convex neighbourhood. Consider a graph manifold M and
sites pi ∈ M, i = 1, · · · , n. It will be convenient to identify
the sites with the corresponding projections onto the parameter
space R3 implying that the distance function is the induced
distance function stemming from the first fundamental tensor
(gij ) of M . As in the Euclidean case the geodesic Voronoi
diagram consists of vertices, edges and faces.
Definition 11: A face f is a maximal connected subset of
V (S) with the property that every x ∈ f lies on exactly one
bisector B(pi , pj ). A point v is called vertex if it lies on
the boundary of k Voronoi regions for k ≥ 3. An edge is
a maximal connected subset of V (S) enclosing all points that
lie on the boundary of exactly two Voronoi regions
The most common way to describe the topology of Voronoi
diagrams is the Voronoi graph. It corresponds to the skeleton
of the Voronoi diagram is described below. The main topological information about the Voronoi diagram is contained
in the vertices and the edges. Therefore, a greedy algorithm
would be a first approach to determine the skeleton of the
Voronoi diagram. It is highly recommended not to precompute
the Voronoi vertices by verifying the circumsphere condition
for any four points from
S, since this has time complexity

O(n5 ). There are n4 possibilities for a circumsphere since
every combination of four points may lead to such a sphere.
If one has found such a sphere it has to be checked if no other
point of the remaining n − 4 points is contained in the inner
of this sphere. Nevertheless it has been done for small n to
prove the concepts of the last section.

Following the recommendations from [Le97] the complexity
can be reduced in case V (S) is a simple, abstract Voronoi
diagram with specialised prerequirements. Therefore, we summarise the results from this paper. It must be emphasised
that we did not implement this algorithm on a computer but
ensuring that the convexity property can be fulfilled it will
turn out that our local computational approaches serve well
for the computation of the geodesic Voronoi diagram, using
the randomised construction scheme. It will be shown that
this incremental construction technique has time and space
complexity O(n2 ). It is postulated that Voronoi regions have
to be homeomorphic to a 3-ball or empty. In addition it is
required that for given p, q, r, s, t ∈ S the set B(p, q)∩B(q, r)
is a transverse intersection of two bisectors. We will presume
that this intersection only yields one component. The set
B(p, q) ∩ B(q, r) ∩ B(r, s) must be a point and B(p, q) ∩
B(q, r) ∩ B(r, s) ∩ B(s, t) must be empty. Finally, we will
postulate that every circumsphere exactly contains 4 sites,
which means that every vertex of the Voronoi diagram has
outdegree 4. We will not admit big topological differences
between the Euclidean and the geodesic Voronoi diagram. In
this context it is required that inside a small neighbourhood
of a vertex or a point of an edge the restriction of the
Voronoi diagram to this neighbourhood looks topologically
like a corresponding configuration in the Euclidean space (cf.
figure 6).

Fig. 6.

Local behaviour of the Voronoi Diagram

All these prerequirements are necessary for the construction
process of the simple Voronoi diagrams. They are mainly
called simple because they must be topologically equivalent
to Euclidean Voronoi diagrams. Although we did not present
an axiomatic introduction like it was done in [Le97] the last
notes shall be enough for the following considerations.
Definition 12: For a subset R ⊂ S we define the respective
sets Edge(R) and Vert(R), i.e. the set of edges and vertices
of V (R).
Definition 13: The skeleton of S is the set
Skel(S)

= Edge(S) ∪ Vert(S).

1) The Algorithm: From topological point of view the
Voronoi diagram has its most important features (vertices)
inside a sphere S = S(0, r) for a sufficiently large r > 0. It is
required that this sphere intersects each B(pi , pj ) transversely.
Moreover the union of all bisectors builds up a cell complex
C(S) for which we have the following property. Let B(pi , pj )
a bisector. Then the restriction of C(S) to B(pi , pj ) outside

the domain of the sphere S only consists of halflines and
halfplanes.
We now add ∞ to the set of sites and define
B(pi , ∞)

= B(∞, pi ) = S,

D(pi , ∞)

= {p ∈ R3 ; d2 (pi , p) < r},

D(∞, pi )

= {p ∈ R3 ; d2 (pi , p) > r},

where d2 denotes the Euclidean metric.
The incremental construction process is based on some
topological invariants. The skeleton of the Voronoi diagram
carries the main topological features of V (S). The first step
therefore is to precompute the skeleton and determine the faces
afterwards.
As in the Euclidean case we have the following important
result for simple Voronoi diagrams
Lemma 1: The expected size of the structural complexity
of the skeleton is at most O(n), where n is the number of
sites.
The proof of the lemma can be found in [DRA91].
The incremental construction involves an elementary operation that is assumed to have time complexity O(1). Given
five points R = {p, q, r, s, t} ⊂ S assume V (R) contains
an edge e that starts at a vertex B(p, q, r, s) and ends at a
vertex B(p, q, r, t). In addition a site u ∈ S is introduced.
Depending on if u is in conflict with the edge e, we have
several possibilities for the structure of
e ∩ V R(u, R ∪ {u}).
1) The intersection is empty, which means that there is no
conflict.
2) The intersection is not empty, simply connected and
contains
a) the entire edge.
b) the part of e that starts at B(p, q, r, s).
c) the part of e that starts at B(p, q, r, t).
Remark 1: e is in conflict with u, when the circumsphere
of one of the endpoints of e (a vertex) contains the new point
u ∈ S \ R.
The algorithm starts with the sites ∞, p1 , p2 , p3 . The remaining sites are introduced step by step in a non deterministic order. This can be seen as an application of random
sampling to on-line algorithms in computational geometry (cf.
[BDS92]).
Definition 14: Let e ∈ Edge(R). If e joins the points
B(p, q, r, s) and B(q, r, s, t), then the header D(e) of e is
defined by:
D(e) = {p, q, r, s, t}.
Every edge e of a Voronoi diagram can be identified by its
header D(e).
Definition 15: Let e be an edge with header D(e) =
{p, q, r, s, t} and u ∈ S\{p, q, r, s, t}. We say that u intersects
with D(e), if
e ∩ V R(u, {p, q, r, s, t, u}) 6= ∅.

Several data structures are maintained during the construction process.
• Since we are only interested in the skeleton in the first
instance, the Voronoi diagram can be represented as a
Levi graph or incidence graph which is a bipartite
graph. The black vertices of the Levi graph represent
all elements of Vert(R) and the white vertices symbolise
analogue the elements of Edge(R). There is an edge
between a black and a white vertex if and only if their is
a corresponding incidence between a Voronoi vertex and
a Voronoi edge.
• The history graph H(R) contains all edges that appeared
during the construction process. It is a directed acyclic
graph (DAG) with a source Q that does not contain any
information about the edges.
There are three invariant properties of H(R):
• The leaves of H(R) correspond to the actual Voronoi
edges of V (R). They do not have outgoing edges,
whereas every vertex of H(R) can not have more than
four outgoing edges.
• The header of an edge e ∈ Edge(R) is attached to
all vertices. It contains the information of all Voronoi
vertices that are involved in the genesis of e, for example
the points p, q, r, s, t from above.
• When a new site u is introduced, there may be leaves
that are in conflict with u. For each of theses leaves, e.g.
D, there exists a path from Q to D that is only incident
to vertices that intersect with u.
For a new site u all intersecting edges E(u) need to be
detected. This can be achieved quickly using the history graph
H(R).
Lemma 2: The time complexity of finding E(u) lies in
O(|A|), where A denotes the set of intersecting vertices
v ∈ H(R).
The proof of this theorem uses mainly the invariance
properties.
The update mechanism for the simple Voronoi diagram
and the history graph are based on some relevant topological
properties and some easy combinatorial results. Note that some
Voronoi vertices are deleted in the next step whereas some
new vertices will come into play. In particular if a vertex v
lies outside the new Voronoi region U = V R(u, R ∪ {u}) it
stays in the vertex list.
If e is an intersecting edge, i.e. e ∈ E(u), then new vertices
v have to be introduced which correspond to the intersection
points. We will denote this by v ∈ Vnew . Let x ∈ Vert(R) be
an old vertex and e be an outgoing Voronoi edge that has to
be shortened. If the piece of the intersected edge that becomes
part of the new edge list Edge(R ∪ {u}) is incident to x then
x stays in the list, if it is true for every outgoing edge. We will
denote this by x ∈ Vunchanged . It can be shown that only these
types of points contribute to the new vertex list Vertex(V ∪
{u}).
The new question that arises is now how long the construction of V (R ∪ {u}) takes. In fact, the time complexity

is bounded by the number of conflicting edge. The major
effort lies in the identification of the edges of the new faces
f resulting from the introduction of the new site u.
We will try to make this more lucid by an two-dimensional
example (cf. figure 7). Consider for example the edge w5
that has to be constructed. It joins the points q1 and q2
that are both elements of Vnew . If we start from q1 than
q2 can be found by following the boundary segments from
Voronoi region V R(p1 , {p1 , p2 , p3 , p4 , p5 }). The red arrow
indicates the first segment, whereas the green and blue arrows indicate the sequent segments. This procedure must
be iterated until all boundary segments of the new region
V R(p6 , {p1 , p2 , p3 , p4 , p5 , p5 }) are found. These segments
build a loop.

the manifold is parametrized by the map


x


y

f (x, y, z) = 


z
x2 + y 2 + z 2

(32)

The coordinates of the siteswith√repsect
given
 to the
 map f areq

through (0, 0, 0), (1, 0, 0), 12 , 23 , 0 and 12 , 1 − √13 , 23 .
In fact these site are the vertices of a regular tetrahedron. In
the second case the manifold is parametrized by the map


x


y

(33)
f (x, y, z) = 


z
1
2
2 (x − yz)
The coordinates of the sites with repsect to the map f are
given through (0, 0, 0), (0.8, 0, 0), (0.9, 1.1, 0), (1, 1.5, 1) and
(0, 1.14, 0.98).

p2
q1
p1

w1

w5

p6
q2 w4

w2
w3

p3

p5
p4

Fig. 7.

Construction of the new Voronoi region

It can be shown that updating the history graph has the same
time complexity as the prescribed construction of V (R∪{u}).
The subsequent steps are necessary for a correct update.
•
•

Fig. 8.

Voronoi Diagram of four sites

Fig. 9.

Voronoi Diagram of five sites

The edge e ∈ Edge(R ∪ {u}) is the son of an edge e0 ∈
Edge(R), if e is shortened and e ⊂ e0 .
For every new edge e add the edges (e0 , e) to the
history graph for all edges e0 that were found during
the construction of the endpoints of the new segment (in
the example these were the edges being identified by the
coloured arrows for the new edge w1 ).

One can show that no invariance property is harmed by the
former construction process. [BDS92] provides the expected
values for time and space in relation to the total expenditure.
Both values lie in O(n2 ) with n the number of sites.
The results below give some examples of some simple
Voronoi diagram containing only few sites.
V. R ESULTS
The examples given within this section are rather simple.
More sites automatically lead to an arrangments of faces and
edges that would overstrain the reader. Hence in the first case

VI. C ONCLUSION
This work gives an overview of some newest results concerning the geodesic Voronoi diagram computation on Riemannian manifolds M . Our approach uses the normal coordinates (or geodesic polar coordinates) for the local description
of the so called faces, the edges and the vertices of a Voronoi
diagram that has basically the same topological properties as
the Euclidean Voronoi diagram. For the incremental computation of the Voronoi diagram V (S) it is convenient to focus only
on the skeleton of the Voronoi diagram consisting of all edges
and vertices. This computation begins with an initial situation
of five sites R = {p1 , · · · , p5 } including the site ∞. One major
effort of the computations basically lies in the determination
of this initial diagram, since it requires the localisation of the
first vertex of V (R). The localisation of the vertex involves a
perturbation method for an accurate determination of minimal
joins of two sites in order to detect an initial bisector point
of the two sites that yields the starting point of a piecewise
differentiable curve joining the bisector point and the vertex.
The RICS that was originally presented in [Le97] requires
time and space complexity O(n2 ), where n denotes the
number of sites. It uses a Levi graph and a DAG for its
implementation. We showed how the requirements of this
algorithm can ba achieved and we gave some example for
the proof that this method can be extended beyond the scope
of [Le97].
Future works on this subject will focus on the global
phenomena concerning the injectivity of the exponential map
in order to understand the main differences between Euclidean
and non Euclidean Voronoi diagrams.
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